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A limit theorem for a splitting distribution of a quantum walk
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Discrete-time quantum walks are considered a counterpart of random walks and the
study for them has been getting attention since around 2000. In this paper, we focus on
a quantum walk which generates a probability distribution splitting to two parts. The
quantum walker with two coin states spreads at points, represented by integers, and we
analyze the chance of finding the walker at each position after it carries out a unitary
evolution a lot of times. The result is reported as a long-time limit distribution from
which one can see an approximation to the finding probability.
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1. Introduction
Quantum walks were introduced and have been studied in physics, mathematics,
and quantum information theory 1,2,3. Aharonov et al. 2 presented the notion of
quantum walk as a counterpart of random walks and Meyer 3 as a quantum cellu-
lar automata. Since quantum walks are considered a quantization of random walks
which are capable of explaining a lot of stochastic phenomena, large attention is be-
ing paid to them. While they are applied to quantum search algorithms in quantum
information theory 4,5, physicists work on a possibility that quantum walks are ap-
plied to topological insulators 6. In this paper, we see a discrete-time quantum walk
whose positions are represented by integer points, and study a probability distri-
bution with which the quantum walker is observed at each position. The quantum
walker distributes in a couple of major parts as it gets updated, and the result for
the probability distribution will be supplied in a long-time limit distribution. The
study for the limit distributions of the quantum walks started in 2002 7, and many
types of limit distributions have been discovered 5. Particularly, the long-time limit
distributions play an important role to tell us approximations to the probability
distributions when quantum walkers have repeated their evolutions a lot of times.
This paper is organized as follows. We start with the definition of a quantum
walk whose positions are represented by integers in Sec. 2. The system of quantum
walk is described in a tensor Hilbert space and the walker repeats two kinds of
unitary evolutions alternately. After defining a finding probability to observe the
walker at each position, we provide a limit theorem after the walker has got updated
a lot of times in Sec. 3. The theorem results in a helpful description to know an
approximate behavior of the walker. The proof is also given in the same section. In
1
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the final section we discuss with past studies and summarize this paper.
2. Definition of a quantum walk
Let us start with the description of a discrete-time quantum walk. The quantum
walker with two coin states |0〉 and |1〉 is supposed to locate at points, whose set is
represented by Z = {0,±1,±2, . . .}, in superposition. Its system is described on a
tensor Hilbert space Hp ⊗Hs. The Hilbert space Hp alters the integer points and
it is spanned by the orthogonal normalized basis {|x〉 : x ∈ Z}. Also, the Hilbert
space Hs represents the coin states and it is spanned by the orthogonal normalized
basis {|0〉 , |1〉}. We are, for instance, allowed to define
|0〉 =
[
1
0
]
, |1〉 =
[
0
1
]
, (1)
for the Hilbert space Hs. Quantum walks are defined as unitary processes in which
each coin state at each location changes with given unitary operations. The quantum
walker in this paper is also manipulated by unitary operations. The system of
quantum walk at time t (= 0, 1, 2, . . .), represented by |Ψt〉 ∈ Hp ⊗ Hs, updates
with unitary operations U1 and U2 assigned a parameter θ ∈ [0, pi),
|Ψt+1〉 =
{
U1 |Ψt〉 (t = 0, 2, 4, . . .)
U2 |Ψt〉 (t = 1, 3, 5, . . .) , (2)
where
U1 =
∑
x∈Z
|x− 2〉 〈x| ⊗ (− sin2 θ) |0〉 〈1|
+ |x− 1〉 〈x| ⊗ cos θ sin θ
(
|0〉 〈0| − |1〉 〈1|
)
+ |x〉 〈x| ⊗ cos2 θ
(
|0〉 〈1|+ |1〉 〈0|
)
+ |x+ 1〉 〈x| ⊗ cos θ sin θ
(
|0〉 〈0| − |1〉 〈1|
)
+ |x+ 2〉 〈x| ⊗ (− sin2 θ) |1〉 〈0| , (3)
U2 =
∑
x∈Z
|x− 2〉 〈x| ⊗ cos2 θ |1〉 〈0|
+ |x− 1〉 〈x| ⊗ cos θ sin θ
(
|0〉 〈0| − |1〉 〈1|
)
+ |x〉 〈x| ⊗ (− sin2 θ)
(
|0〉 〈1|+ |1〉 〈0|
)
+ |x+ 1〉 〈x| ⊗ cos θ sin θ
(
|0〉 〈0| − |1〉 〈1|
)
+ |x+ 2〉 〈x| ⊗ cos2 θ |0〉 〈1| . (4)
Figure 1 visualizes the way the walker at position x ∈ Z moves, depending on the
value of time t.
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Fig. 1. c = cos θ, s = sin θ : The walker at position x ∈ Z shifts to other positions and stays at
the same position, changing its coin states |0〉 and |1〉. The transition is described in Eq. (2) with
unitary operations U1 and U2.
We assume in this study that the walker launches with a localized initial state
|Ψ0〉 = |0〉 ⊗ (α |0〉+ β |1〉) (= |0〉 ⊗ |φ〉) where the complex numbers α and β are
supposed to satisfy the constraint |α|2 + |β|2 = 1. The quantum walker is observed
at position x ∈ Z at time t ∈ {0, 1, 2, . . .} with probability
P(Xt = x) = 〈Ψt| {|x〉 〈x| ⊗ (|0〉 〈0|+ |1〉 〈1|)} |Ψt〉 , (5)
where Xt denotes the position of the walker at time t. Figure 2 depicts how the
probability distribution changes as the time t goes up, in which the walker sets
off the localized initial state |0〉 ⊗ (1/√2 |0〉 + i/√2 |1〉). We find the distribution
splitting to two major parts in Fig. 2-(a). The width of the gap between the split
parts depends on the value of parameter θ which determines the unitary operations
U1 and U2, as shown in Figure 3. We will be able to estimate the width from our
main result (Theorem 1), visualizing it in Fig. 4.
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(b) θ = pi/4
Fig. 2. The probability distribution P(Xt = x) can be splitting to two major parts as the walker
is getting updated. The walker launches with the localized initial state at the origin, |Ψ0〉 =
|0〉 ⊗ (1/√2 |0〉+ i/√2 |1〉).
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(c) α = 0, β = 1
Fig. 3. The probability distribution P(Xt = x) at time 50 holds a gap which appears between
two major parts, and the width of the gap depends on the value of parameter θ which is in the
unitary operations U1 and U2. The initial state of the walker is given as |Ψ0〉 = |0〉⊗(α |0〉+β |1〉).
Here, we see the Fourier transform of the quantum walk, which will be used to
compute a limit distribution as t→∞. Let i be the imaginary unit. Putting
Uˆ1(k) =2 cos θ sin θ cos k (|0〉 〈0| − |1〉 〈1|)
+ (cos2 θ − e2ik sin2 θ) |0〉 〈1|
+ (cos2 θ − e−2ik sin2 θ) |1〉 〈0| , (6)
Uˆ2(k) =2 cos θ sin θ cos k (|0〉 〈0| − |1〉 〈1|)
+ (− sin2 θ + e−2ik cos2 θ) |0〉 〈1|
+ (− sin2 θ + e2ik cos2 θ) |1〉 〈0| , (7)
we get the evolution of the Fourier transform
|ψˆt(k)〉 =
∑
x∈Z e
−ikx {〈x| ⊗ (|0〉 〈0|+ |1〉 〈1|)} |Ψt〉 (k ∈ [−pi, pi)),
|ψˆt+1(k)〉 =
{
Uˆ1(k) |ψˆt(k)〉 (t = 0, 2, 4, . . .)
Uˆ2(k) |ψˆt(k)〉 (t = 1, 3, 5, . . .)
, (8)
from which
|ψˆ2t(k)〉 =
(
Uˆ2(k)Uˆ1(k)
)t
|ψˆ0(k)〉 , (9)
|ψˆ2t+1(k)〉 =Uˆ1(k)
(
Uˆ2(k)Uˆ1(k)
)t
|ψˆ0(k)〉 , (10)
follow for t = 0, 1, 2, . . .. Equation (8) has come up from Eq. (2). The initial state
of the Fourier transform is computed to be |ψˆ0(k)〉 = α |0〉+ β |1〉. We should note
that the system is reproduced by inverse Fourier transform
|Ψt〉 =
∑
x∈Z
|x〉 ⊗
∫ pi
−pi
eikx |ψˆt(k)〉 dk
2pi
. (11)
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3. Limit theorem
Analyzing the quantum walk in the Fourier transform, we assert a theorem for the
finding probability defined in Eq. (5).
Theorem 1. Assume that θ 6= 0, pi/2. Let c and s be the short notations for cos θ
and sin θ respectively. For a real number x, we have
lim
t→∞
P
(
Xt
t
≤ x
)
=
∫ x
−∞
{
f(y)ν+(α, β; y)ID(y) + f(−y)ν−(α, β; y)ID(−y)
}
dy, (12)
where
f(x) =
(
x+ 2
√
D(x)
)2
2pi(4 − x2)
√
D(x)
√
W+(x)
√
W−(x)
, (13)
D(x) =1− 16c4s4 + 4c4s4x2, (14)
W+(x) =2(1 + 4c
2s2)− (1 + 2c2s2)x2 − x
√
D(x), (15)
W−(x) =− 2(1− 4c2s2) + (1 − 2c2s2)x2 + x
√
D(x), (16)
ν+(α, β;x) =1 +
2c2s2x+
√
D(x)
1 + 4c2s2
(
2|α|2 − 1) , (17)
ν−(α, β;x) =1 +
2c2s2x−
√
D(x)
1 + 4c2s2
(
2|α|2 − 1) , (18)
D =
(√
1− 4c2s2,
√
1 + 4c2s2
)
, (19)
ID(x) =
{
1 (x ∈ D)
0 (x /∈ D) . (20)
The limit distribution is obtained from the convergence of the r-th moments
E[(Xt/t)
r] (r = 0, 1, 2, . . .) as t → ∞, and the convergence can be computed by
Fourier analysis. The method for the computation of the long-time limit distribu-
tions by Fourier analysis was used to quantum walks in 2004 for the first time 8
and it has been useful to find limit theorems 9. The r-th moments of Xt have a
representation with the Fourier transform |ψˆt(k)〉,
E[Xrt ] =
∫ pi
−pi
〈ψˆt(k)|
(
ir
dr
dkr
|ψˆt(k)〉
)
dk
2pi
. (21)
Recalling Eqs. (9) and (10), we express the Fourier transform |ψˆt(k)〉 on the
eigenspace of the unitary operation Uˆ2(k)Uˆ1(k). The operation Uˆ2(k)Uˆ1(k) has
two eigenvalues, represented by λj(k) (j = 1, 2), and they are of the form λj(k) =
g(k) − (−1)j i
√
1− g(k)2 with g(k) = 2c2s2 sin2 2k + cos 2k. We, moreover, hold
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Fig. 4. The blue lines represent the probability distribution P(Xt = x) at time t = 500 and the
red points represent the right side of Eq. (37) as t = 500. The limit density function approximately
reproduces the probability distribution as time t becomes large enough. The walker launches with
the localized initial state at the origin, |Ψ0〉 = |0〉 ⊗ (1/
√
2 |0〉+ i/√2 |1〉).
one of the expressions for the normalized eigenvectors |vj(k)〉 (j = 1, 2) associated
to the eigenvalues λj(k),
|vj(k)〉 = 1√
Nj(k)
[
i
{
(c4 + s4 − 2c2s2 cos 2k) sin 2k + (−1)j
√
1− g(k)2
}]
|0〉
+
1√
Nj(k)
[
2cs cosk
{
1− cos 2k − i(c2 − s2) sin 2k
}]
|1〉 , (22)
where the normalized factors are computed to be
Nj(k) =
{
(c4 + s4 − 2c2s2 cos 2k) sin 2k + (−1)j
√
1− g(k)2
}2
+ 4c2s2 cos2 k
{
(1− cos 2k)2 + (c2 − s2)2 sin2 2k
}
. (23)
The decomposition of the initial state |ψˆ0(k)〉 =
∑2
j=1 〈vj(k)|φ〉 |vj(k)〉 gives the
representations
|ψˆ2t(k)〉 =
2∑
j=1
λj(k)
t 〈vj(k)|φ〉 |vj(k)〉 , (24)
|ψˆ2t+1(k)〉 =Uˆ1(k)
2∑
j=1
λj(k)
t 〈vj(k)|φ〉 |vj(k)〉 , (25)
from which
dr
dkr
|ψˆ2t(k)〉 =
{
(t)r
2∑
j=1
λj(k)
t−r (λ′j(k))r 〈vj(k)|φ〉 |vj(k)〉
}
+O(tr−1), (26)
dr
dkr
|ψˆ2t+1(k)〉 =Uˆ1(k)
{
(t)r
2∑
j=1
λj(k)
t−r (λ′j(k))r 〈vj(k)|φ〉 |vj(k)〉
}
+O(tr−1), (27)
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follow with (t)r = t(t− 1)× · · · × (t− r − 1). We finally reach the limits
lim
t→∞
E
[(
X2t
2t
)r]
= lim
t→∞
E
[(
X2t+1
2t+ 1
)r]
=
∫ pi
−pi
2∑
j=1
(
iλ′j(k)
2λj(k)
)r ∣∣∣〈vj(k)|φ〉∣∣∣2 dk
2pi
, (28)
where the function iλ′j(k)/2λj(k) is organized to be of the form
iλ′j(k)
2λj(k)
= (−1)j sin 2k| sin 2k|
1− 4c2s2 cos 2k√
1− 4c2s2(c2s2 sin2 2k + cos 2k)
(j = 1, 2). (29)
Defining the function
h(k) =
1− 4c2s2 cos 2k√
1− 4c2s2(c2s2 sin2 2k + cos 2k)
, (30)
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we have
∫ pi
−pi
(
iλ′1(k)
2λ1(k)
)r ∣∣∣〈v1(k)|φ〉∣∣∣2 dk
=
∫ −pi
2
−pi
(−h(k))r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk +
∫ 0
−pi
2
h(k)r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk
+
∫ pi
2
0
(−h(k))r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk +
∫ pi
pi
2
h(k)r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk
=
∫ pi
pi
2
(−h(−k))r
∣∣∣〈v1(−k)|φ〉∣∣∣2 dk +
∫ pi
2
0
h(−k)r
∣∣∣〈v1(−k)|φ〉∣∣∣2 dk
+
∫ pi
2
0
(−h(k))r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk +
∫ pi
pi
2
h(k)r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk
=
∫ pi
pi
2
(−h(k))r
∣∣∣〈v2(k)|φ〉∣∣∣2 dk +
∫ pi
2
0
h(k)r
∣∣∣〈v2(k)|φ〉∣∣∣2 dk
+
∫ pi
2
0
(−h(k))r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk +
∫ pi
pi
2
h(k)r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk
=
∫ pi
2
0
(−h(pi − k))r
∣∣∣〈v2(pi − k)|φ〉∣∣∣2 dk +
∫ pi
2
0
h(k)r
∣∣∣〈v2(k)|φ〉∣∣∣2 dk
+
∫ pi
2
0
(−h(k))r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk +
∫ pi
2
0
h(pi − k)r
∣∣∣〈v1(pi − k)|φ〉∣∣∣2 dk
=
∫ pi
2
0
(−h(k))r
∣∣∣〈v1(k)|φ˜〉∣∣∣2 dk +
∫ pi
2
0
h(k)r
∣∣∣〈v2(k)|φ〉∣∣∣2 dk
+
∫ pi
2
0
(−h(k))r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk +
∫ pi
2
0
h(k)r
∣∣∣〈v2(k)|φ˜〉∣∣∣2 dk, (31)
with |φ˜〉 =
(
|0〉 〈0| − |1〉 〈1|
)
|φ〉. The similar computation performs
∫ pi
−pi
(
iλ′2(k)
2λ2(k)
)r ∣∣∣〈v2(k)|φ〉∣∣∣2 dk
=
∫ pi
2
0
h(k)r
∣∣∣〈v2(k)|φ˜〉∣∣∣2 dk +
∫ pi
2
0
(−h(k))r
∣∣∣〈v1(k)|φ〉∣∣∣2 dk
+
∫ pi
2
0
h(k)r
∣∣∣〈v2(k)|φ〉∣∣∣2 dk +
∫ pi
2
0
(−h(k))r
∣∣∣〈v1(k)|φ˜〉∣∣∣2 dk, (32)
October 8, 2018 10:55
A limit theorem for a splitting distribution of a quantum walk 9
and finally a representation comes out,∫ pi
−pi
2∑
j=1
(
iλ′j(k)
2λj(k)
)r ∣∣∣〈vj(k)|φ〉∣∣∣2 dk
2pi
=
∫ pi
2
0
(−h(k))r
{∣∣∣〈v1(k)|φ〉∣∣∣2 + ∣∣∣〈v1(k)|φ〉∣∣∣2 + ∣∣∣〈v1(k)|φ˜〉∣∣∣2 + ∣∣∣〈v1(k)|φ˜〉∣∣∣2
}
dk
2pi
+
∫ pi
2
0
h(k)r
{∣∣∣〈v2(k)|φ〉∣∣∣2 + ∣∣∣〈v2(k)|φ〉∣∣∣2 + ∣∣∣〈v2(k)|φ˜〉∣∣∣2 + ∣∣∣〈v2(k)|φ˜〉∣∣∣2
}
dk
2pi
.
(33)
Putting h(k) = x, we achieve a desired representation of the convergence
lim
t→∞
E
[(
Xt
t
)r]
=
∫ √1+4c2s2
√
1−4c2s2
(−x)rf(x)ν−(α, β;−x) dx +
∫ √1+4c2s2
√
1−4c2s2
xrf(x)ν+(α, β;x) dx
=
∫ −√1−4c2s2
−√1+4c2s2
xrf(−x)ν−(α, β;x) dx +
∫ √1+4c2s2
√
1−4c2s2
xrf(x)ν+(α, β;x) dx
=
∫ ∞
−∞
xrf(−x)ν−(α, β;x)ID(−x) dx +
∫ ∞
−∞
xrf(x)ν+(α, β;x)ID(x) dx
=
∫ ∞
−∞
xr
{
f(−x)ν−(α, β;x)ID(−x) + f(x)ν+(α, β;x)ID(x)
}
dx. (34)
and it guarantees the limit distribution Eq. (12). Note that the equation h(k) =
x (k ∈ (0, pi/2)) can be solved in the form
k =
1
2
arccos
(
2− x2 − x
√
D(x)
2c2s2(4− x2)
)
, (35)
and its derivative is computed to be
dk
dx
=
(
x+ 2
√
D(x)
)2
2(4− x2)
√
D(x)
√
W+(x)
√
W−(x)
. (36)
See Eqs. (14), (15), and (16) about the functions D(x), W+(x), and W−(x). The
limit density function reproduces the finding probability P(Xt = x) (x ∈ Z) as
t→∞ in approximation,
P(Xt = x)
∼1
t
{
f
(x
t
)
ν+
(
α, β;
x
t
)
ID
(x
t
)
+ f
(
−x
t
)
ν−
(
α, β;
x
t
)
ID
(
−x
t
)}
, (37)
which is demonstrated in Fig. 4. Let D˜
be the open interval
(√
1− 4c2s2 t, √1 + 4c2s2 t). Since we may replace ID(x/t)
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with ID˜(x), the chance of finding the walker in the region D˜ at time t is extremely
small. And the width of the gap is estimated to become about 2
√
1− 4c2s2 t at
time t.
Due to the limits limx→√1+4c2s2 W+(x) = 0 and limx→√1−4c2s2 W−(x) = 0, the
limit density function generally has four singular points, except for θ = pi/4, 3pi/4,
that is,
lim
x↓
√
1−4c2s2
d
dx
lim
t→∞
P
(
Xt
t
≤ x
)
=
{
+∞ (θ 6= pi
4
, 3pi
4
)
1
2pi
(θ = pi
4
, 3pi
4
)
, (38)
lim
x↑−
√
1−4c2s2
d
dx
lim
t→∞
P
(
Xt
t
≤ x
)
=
{
+∞ (θ 6= pi
4
, 3pi
4
)
1
2pi
(θ = pi
4
, 3pi
4
)
, (39)
lim
x↑√1+4c2s2
d
dx
lim
t→∞
P
(
Xt
t
≤ x
)
= +∞, (40)
lim
x↓−
√
1+4c2s2
d
dx
lim
t→∞
P
(
Xt
t
≤ x
)
= +∞. (41)
Equations (38)–(41) are true for any complex numbers α and β which satisfy the
constraint |α|2 + |β|2 = 1 and determine the initial state of the quantum walk.
Also, we should note that if the value pi/4 or 3pi/4 is assigned to the parameter
θ, the edges of compact support ±√1− 4c2s2 take the value 0 and then the gap
around the origin in the probability distribution closes. These facts are confirmed
in Figs. 2-(b), 3, and 4-(b).
4. Summary
Let us summarize this paper. We took care of a quantum walk whose positions are
represented by integer points and analyzed the finding probability as t → ∞. As
a result, one can find that the probability distribution P(Xt = x) as t → ∞ splits
to two major parts, holding a gap around the position where the walker localizes
at the initial time. In the past studies, two quantum walks whose probability dis-
tributions could have a gap, were also reported 10,11. Both papers were studies
for limit distributions of time-dependent quantum walks on a line. Gru¨nbaum and
Machida 10 analyzed a quantum walk with two inner states and Machida 11 han-
dled a quantum walk with three inner states. The quantum walk in this study was
a different type from the time-dependent quantum walks, but we observed a gap in
its probability distribution and the fact was surely demonstrated as the limit law
in Theorem 1. Differently from these study, the limit distribution in Theorem 1 can
be determined by either α or β, which gives the initial state to the quantum walk.
Equations (17) and (18) actually do not have β, though their descriptions can be
transformed to a description with only β, removing α with |α|2 + |β|2 = 1.
The study of quantum walks whose distributions hold a gap, is one of the re-
cently interesting topics, and just two kinds of quantum walks with a gap showed
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up since 2015. Now another type has been discovered in this paper and we have
analyzed its finding probability resulting in the limit distribution provided in The-
orem 1.
The author is supported by JSPS Grant-in-Aid for Young Scientists (B)
(No.16K17648).
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